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What	follows	in	this	series	on	recurrent	nets

• Architectures:	How	to	train	recurrent	networks	of	different	architectures

• Synchrony:	How	to	train	recurrent	networks	when
– The	target	output	is	time-synchronous	with	the	input

– The	target	output	is	order-synchronous,	but	not	time	synchronous

– Applies	to	only	some	types	of	nets

• How	to	make	predictions/inference	with	such	networks
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Variants	on	recurrent	nets

• Conventional	MLP
• Time-synchronous	outputs

– E.g.	part	of	speech	tagging

Images	from
Karpathy
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• Usual	assumption:	Sequence	loss	is	the	sum	of	the	loss	at	
individual	instants

𝐿𝑜𝑠𝑠 𝑌%&'()% 1…𝑇 , 𝑌(1…𝑇) =1𝐿𝑜𝑠𝑠 𝑌%&'()%, 𝑌(𝑡)
�

%
𝛻5(%)𝐿𝑜𝑠𝑠 𝑌%&'()% 1…𝑇 , 𝑌(1…𝑇) = 𝛻5(%)𝐿𝑜𝑠𝑠 𝑌%&'()% 𝑡 , 𝑌(𝑡)

Time

X(t)

Y(t)

t=0

h-1

Y(t)
Loss

Ytarget(t)
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Variants

• A	posteriori sequence	to	sequence:		Generate	output	sequence	after	processing	input
– E.g.	language	translation

• Single-input	a	posteriori	sequence	generation

– E.g.	captioning	an	image

Images	from
Karpathy
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• Sequence	classification:	Classifying	a	full	input	sequence
– E.g phoneme	recognition

• Order	synchronous	,	time	asynchronous	sequence-to-sequence	generation
– E.g.	speech	recognition
– Exact	location	of	output	is	unknown	a	priori 7

Variants	on	recurrent	nets



Example..

• Question	answering

• Input	:	Sequence	of	words

• Output:		Answer	at	the	end	of	the	question

8
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Example..

• Speech	recognition

• Input	:	Sequence	of	feature	vectors	(e.g.	Mel	spectra)

• Output:		Phoneme	ID	at	the	end	of	the	sequence
– Represented	as	an	N-dimensional	output	probability	vector,	where	N	is	the	number	of	phonemes

𝑋= 𝑋> 𝑋?

/AH/
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Inference:		Forward	pass

• Exact	input	sequence	provided
– Output	generated	when	the	last	vector	is	processed

• Output	is	a	probability	distribution	over	phonemes

• But	what	about	at	intermediate	stages?

𝑋= 𝑋> 𝑋?

/AH/
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Forward	pass

• Exact	input	sequence	provided
– Output	generated	when	the	last	vector	is	processed

• Output	is	a	probability	distribution	over	phonemes

• Outputs	are	actually	produced	for	every	input
– We	only	read	it	at	the	end	of	the	sequence

𝑋= 𝑋> 𝑋?

/AH/
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Training

• The	Loss	is	only	defined	at	the	final	input
– 𝐿𝑜𝑠𝑠 𝑌@&'()%, 𝑌 = 𝑋𝑒𝑛𝑡(𝑌 𝑇 , 𝑃ℎ𝑜𝑛𝑒𝑚𝑒)

• This	loss	must	propagate	through	the	net	to	update	all	parameters	

𝑋= 𝑋> 𝑋?

/AH/

Loss

Y(2)
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Training

𝑋= 𝑋> 𝑋?

/AH/

Loss

Y(2)

Shortcoming: Pretends there’s no useful
information in these
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Training

• Exploiting	the	untagged	inputs:	assume	the	same	output	for	the	entire	input

• Define	the	Loss	everywhere

𝐿𝑜𝑠𝑠 𝑌%&'()%, 𝑌 =1𝑤%𝑋𝑒𝑛𝑡(𝑌 𝑡 , 𝑃ℎ𝑜𝑛𝑒𝑚𝑒)
�

%

𝑋= 𝑋> 𝑋?

/AH/

Loss

Y(2)

Fix: Use these 
outputs too.

These too must 
ideally point to the
correct phoneme

/AH/

Loss

/AH/

Loss
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Training

• Define	the	loss	everywhere

𝐿𝑜𝑠𝑠 𝑌@&'()%, 𝑌 =1𝑤%𝑋𝑒𝑛𝑡(𝑌 𝑡 , 𝑃ℎ𝑜𝑛𝑒𝑚𝑒)
�

%

• Typical	weighting	scheme	for	speech:	all	are	equally	important

• Problem	like	question	answering:	answer	only	expected	after	the	question	ends
– Only	𝑤@ is	high,	other	weights	are	0	or	low

𝑋= 𝑋> 𝑋?

/AH/

Loss

Y(2)

Fix: Use these 
outputs too.

These too must 
ideally point to the
correct phoneme

/AH/

Loss

/AH/

Loss
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Variants	on	recurrent	nets

• Sequence	classification:	Classifying	a	full	input	sequence
– E.g phoneme	recognition

• Order	synchronous	,	time	asynchronous	sequence-to-sequence	generation
– E.g.	speech	recognition
– Exact	location	of	output	is	unknown	a	priori
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Case	1:	With	alignment

• The	input	and	output	sequences	happen	in	the	same	order
– Although	they	may	be	asynchronous

– E.g.		Speech	recognition
• The	input	speech	corresponds	to	the	phoneme	sequence	output

Time

X(t)

Y(t)

t=0

h-1
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A	more	complex	problem

• Objective:	Given	a	sequence	of	inputs,	asynchronously	output	a	sequence	of	symbols
– This	is	just	a	simple	concatenation	of	many	copies	of	the	simple	“output	at	the	end	of	the	input	
sequence”	model	we	just	saw

• But	this	simple	extension	complicates	matters..

𝑋= 𝑋> 𝑋?

/B/

𝑋G 𝑋H 𝑋I

/AH/

𝑋J 𝑋K 𝑋L

/T/

𝑋M
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The	sequence-to-sequence	problem

• How	do	we	know	when	to	output	symbols
– In	fact,	the	network	produces	outputs	at	every	time
– Which	of	these	are	the	real	outputs

• Outputs	that	represent	the	definitive	occurrence	of	a	symbol

𝑋= 𝑋> 𝑋? 𝑋G 𝑋H 𝑋I 𝑋J 𝑋K 𝑋L𝑋M

/B/ /AH/ /T/
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Training

• Given	output	symbols	at	the	right	locations
– The	phoneme	/B/	ends	at	X2,		/AH/	at	X6,	/T/	at	X9

𝑋= 𝑋> 𝑋?

/B/

𝑋G 𝑋H 𝑋I

/AH/

𝑋J 𝑋K 𝑋L

/T/

𝑋M
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• Either	just	define	Loss	as:
𝐷𝐼𝑉 = 𝑋𝑒𝑛𝑡 𝑌?, 𝐵 + 𝑋𝑒𝑛𝑡 𝑌I, 𝐴𝐻 + 𝑋𝑒𝑛𝑡(𝑌L, 𝑇)

• Or..

𝑋= 𝑋> 𝑋?

/B/

𝑋G 𝑋H 𝑋I 𝑋J 𝑋K 𝑋L𝑋M

Loss Loss Loss

/AH/ /T/

𝑌? 𝑌I 𝑌L

21
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• Either	just	define	Loss	as:
𝐿𝑜𝑠𝑠 = 𝑋𝑒𝑛𝑡 𝑌?, 𝐵 + 𝑋𝑒𝑛𝑡 𝑌I, 𝐴𝐻 + 𝑋𝑒𝑛𝑡(𝑌L, 𝑇)

• Or	repeat	the	symbols	over	their	duration

𝐿𝑜𝑠𝑠 =1𝑋𝑒𝑛𝑡 𝑌%, 𝑠𝑦𝑚𝑏𝑜𝑙%

�

%

= −1log𝑌 𝑡, 𝑠𝑦𝑚𝑏𝑜𝑙%

�

%

𝑋= 𝑋> 𝑋?

/B/

𝑋G 𝑋H 𝑋I 𝑋J 𝑋K 𝑋L𝑋M

Loss Loss Loss

/AH/ /T/

𝑌? 𝑌I 𝑌L

LossLossLossLossLossLossLoss
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𝐿𝑜𝑠𝑠 =1𝑋𝑒𝑛𝑡 𝑌%, 𝑠𝑦𝑚𝑏𝑜𝑙%

�

%

= −1log𝑌 𝑡, 𝑠𝑦𝑚𝑏𝑜𝑙%

�

%

• The	gradient	w.r.t	the	𝑡-th output	vector	𝑌%

𝛻5Z𝐿𝑜𝑠𝑠 = 0 0 …
−1

𝑌 𝑡, 𝑠𝑦𝑚𝑏𝑜𝑙%
0 … 0

• Zeros	except	at	the	component	corresponding	to	the	target	

𝑋= 𝑋> 𝑋?

/B/

𝑋G 𝑋H 𝑋I 𝑋J 𝑋K 𝑋L𝑋M

Loss Loss Loss

/F/ /IY/

𝑌? 𝑌I 𝑌L

LossLossLossLossLossLossLoss

/IY/

𝑌G



𝑋= 𝑋> 𝑋? 𝑋G 𝑋H 𝑋I 𝑋J 𝑋K 𝑋L𝑋M

Problem:	No	timing	information	provided

• Only	the	sequence	of	output	symbols	is	provided	for	the	training	data
– But	no	indication	of	which	one	occurs	where

• How	do	we	compute	the	Loss?
– And	how	do	we	compute	its	gradient	w.r.t.	𝑌%

/B/ /IY/ /IY/

? ? ? ? ? ? ? ? ? ?
𝑌= 𝑌> 𝑌? 𝑌G 𝑌H 𝑌I 𝑌J 𝑌K 𝑌L𝑌M

24

/F/



Connectionist	Temporal	Classification	
(CTC)

Labelling	Unsegmented	Sequence	Data	with	Recurrent	Neural	Networks	
Alex	Graves	et	al.,	ICML	2006.
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𝑋= 𝑋> 𝑋? 𝑋G 𝑋H 𝑋I 𝑋J 𝑋K 𝑋L𝑋M

Problem:	No	timing	information	provided

• Only	the	sequence	of	output	symbols	is	provided	for	the	training	data
– But	no	indication	of	which	one	occurs	where

• How	do	we	compute	the	Loss?
– And	how	do	we	compute	its	gradient	w.r.t.	𝑌%

/B/ /IY/ /IY/

? ? ? ? ? ? ? ? ? ?
𝑌= 𝑌> 𝑌? 𝑌G 𝑌H 𝑌I 𝑌J 𝑌K 𝑌L𝑌M

26

/F/



𝑋= 𝑋> 𝑋? 𝑋G 𝑋H 𝑋I 𝑋J 𝑋K 𝑋L𝑋M

Solution	1:	Guess	the	alignment

• Initialize:		Assign	an	initial	alignment
– Either	randomly,	based	on	some	heuristic,	or	any	other	rationale

• Iterate:
– Train	the	network	using	the	current	alignment
– Reestimate the	alignment	for	each	training	instance

• Using	the	decoding	methods	already	discussed	

? ? ? ? ? ? ? ? ? ?
𝑌= 𝑌> 𝑌? 𝑌G 𝑌H 𝑌I 𝑌J 𝑌K 𝑌L𝑌M

27
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𝑋= 𝑋> 𝑋? 𝑋G 𝑋H 𝑋I 𝑋J 𝑋K 𝑋L𝑋M

Solution	1:	Guess	the	alignment

• Initialize:		Assign	an	initial	alignment
– Either	randomly,	based	on	some	heuristic,	or	any	other	rationale

• Iterate:
– Train	the	network	using	the	current	alignment
– Reestimate the	alignment	for	each	training	instance

• Using	the	decoding	methods	already	discussed	

? ? ? ? ? ? ? ? ? ?
𝑌= 𝑌> 𝑌? 𝑌G 𝑌H 𝑌I 𝑌J 𝑌K 𝑌L𝑌M

28

/B/ /B/ /IY/ /IY/ /IY/ /F/ /F/ /F/ /F/ /IY/



Estimating	an	alignment
• Given:

– The	unaligned	𝐾-length	symbol	sequence	𝑆 = 𝑆= …𝑆^_> (e.g.	/B/	/IY/	/F/	/IY/)
– An	𝑁-length	input	(𝑁 ≥ 𝐾)
– And	a	(trained)	recurrent	network

• Find:
– An	𝑁-length expansion	𝑠= … 𝑠b_> comprising	the	symbols	in	S	in	strict	order

• e.g.	𝑆=𝑆>𝑆>𝑆?𝑆M𝑆M …𝑆^_>
• i.e.𝑠= = 𝑆=, 𝑠? = 𝑆>, 𝑆M = 𝑆>, 𝑠G = 𝑆?, 𝑠H = 𝑆M, … 𝑠b_> = 𝑆^_>

• E.g.		/B/	/B/	/IY/	/IY/	/IY/	/F/	/F/	/F/	/F/	/IY/	..

• Outcome:	an	alignment	of	the	target	symbol	sequence	𝑆= …𝑆^_> to	the	input	
𝑋= …𝑋b_>

29



Constraining	the	alignment:	Try	1

• Block	out	all	rows	that	do	not	include	symbols	from	
the	target	sequence
– E.g.		Block	out	rows	that	are	not	/B/	/IY/	or	/F/

30

/AH/

/B/

/D/

/EH/

/IY/
/F/

/G/

𝑦=cd

𝑦=e

𝑦=f

𝑦=gd

𝑦=h5

𝑦=i

𝑦=j

𝑦>cd

𝑦>e

𝑦>f

𝑦>gd

𝑦>h5

𝑦>i

𝑦>j

𝑦?cd

𝑦?e

𝑦?f

𝑦?gd

𝑦?h5

𝑦?i

𝑦?j

𝑦Mcd

𝑦Me

𝑦Mf

𝑦Mgd

𝑦Mh5

𝑦Mi

𝑦Mj

𝑦Gcd

𝑦Ge

𝑦Gf

𝑦Ggd

𝑦Gh5

𝑦Gi

𝑦Gj

𝑦Hcd

𝑦He

𝑦Hf

𝑦Hgd

𝑦Hh5

𝑦Hi

𝑦Hj

𝑦Icd

𝑦Ie

𝑦If

𝑦Igd

𝑦Ih5

𝑦Ii

𝑦Ij

𝑦Jcd

𝑦Je

𝑦Jf

𝑦Jgd

𝑦Jh5

𝑦Ji

𝑦Jj

𝑦Kcd

𝑦Ke

𝑦Kf

𝑦Kgd

𝑦Kh5

𝑦Ki

𝑦Kj



/B/ 𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

/IY/ 𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

/F/ 𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

Blocking	out	unnecessary	outputs

31

Compute	the	entire	output	(for	all	symbols)
Copy	the	output	values	for	the	target	symbols	into	the	secondary	reduced	structure



Constraining	the	alignment:	Try	1

• Only	decode	on	reduced	grid
– We	are	now	assured	that	only	the	appropriate	symbols	will	be	hypothesized

32

/B/ 𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

/IY/ 𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

/F/ 𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki
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Arrange the constructed table so that from top to bottom it has the exact 
sequence of symbols required

Try	2:	Explicitly	arrange	the	constructed	table

/B/ 𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

/IY/ 𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

/IY/ 𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5
/F/



34

Arrange the constructed table so that from top to bottom it has the exact 
sequence of symbols required

/B/ 𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

/IY/ 𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

/IY/ 𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5
/F/

Note: If a symbol occurs multiple times,  we repeat the 
row in the appropriate location.
E.g. the row for /IY/ occurs twice, in the 2nd and 4th positions

Try	2:	Explicitly	arrange	the	constructed	table



Explicitly	constrain	alignment

• Constrain	that	the	first	symbol	in	the	decode	must	be	the	top	left	block

• The	last	symbol	must	be	the	bottom	right

• The	rest	of	the	symbols	must	follow	a	sequence	that	monotonically	travels	down	from	top	
left	to	bottom	right
– I.e.	symbol	chosen	at	any	time	is	at	the	same	level	or	at	the	next	level	to	the	symbol	at	the	
previous	time

• This	guarantees	that	the	sequence	is	an	expansion	of	the	target	sequence
– /B/	/IY/	/F/	/IY/	in	this	case

35

/B/ 𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

/IY/ 𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

/IY/ 𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5
/F/



Explicitly	constrain	alignment

• Constrain	that	the	first	symbol	in	the	decode	must	be	the	top	left	block

• The	last	symbol	must	be	the	bottom	right

• The	rest	of	the	symbols	must	follow	a	sequence	that	monotonically	travels	down	from	top	
left	to	bottom	right
– I.e.	symbol	chosen	at	any	time	is	at	the	same	level	or	at	the	next	level	to	the	symbol	at	the	
previous	time

• This	guarantees	that	the	sequence	is	an	expansion	of	the	target	sequence
– /B/	/IY/	/F/	/IY/	in	this	case

36

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



Path	Score	(probability)

37

/IY/

/B/

/F/
/IY/

• Compose	a	graph	such	that	every	path	in	the	graph	from	source	to	sink	represents	a	
valid	alignment

– Which	maps	on	to	the	target	symbol	sequence	(/B//AH//T/)

• Edge	scores	are	1

• Node	scores	are	the	probabilities	assigned	to	the	symbols	by	the	neural	network

• The	“score”	of	a	path	is	the	product	of	the	probabilities	of	all	nodes	along	the	path

• E.g.	the	probability	of	the	marked	path	is
𝑆𝑐𝑟 𝑃𝑎𝑡ℎ = 𝑦=e𝑦>e𝑦?h5𝑦Mh5𝑦Gi

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5
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• Compose	a	graph	such	that	every	path	in	the	graph	from	source	to	sink	represents	a	valid	
alignment

– Which	maps	on	to	the	target	symbol	sequence	(/B//AH//T/)

• Edge	scores	are	1

• Node	scores	are	the	probabilities	assigned	to	the	symbols	by	the	neural	network

• The	“score”	of	a	path	is	the	product	of	the	probabilities	of	all	nodes	along	the	path

• E.g.	the	probability	of	the	marked	path	is
𝑆𝑐𝑟 𝑃𝑎𝑡ℎ = 𝑦=e𝑦>e𝑦?h5𝑦Mh5𝑦Gi

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Figure shows a typical end-to-end path.  There are an exponential number of 
such paths. Challenge:  Find the path with the highest score (probability)



Explicitly	constrain	alignment
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• Find	the	most	probable	path	from	source	to	sink	using	any	dynamic	
programming	algorithm
– E.g.		The	Viterbi	algorithm

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



Viterbi	algorithm	Basic	idea

• The	best	path	to	any	node	must	be	an	extension	of	the	best	path	to	one	of	its	
parent	nodes
– Any	other	path	would	necessarily	have	a	lower	probability

• The	best	parent	is	simply	the	parent	with	the	best-scoring	best	path
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𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5
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𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



Viterbi	algorithm	Basic	idea

𝐵𝑒𝑠𝑡𝑃𝑎𝑡ℎ 𝑦=e → 𝑦Mi = 	𝐵𝑒𝑠𝑡𝑃𝑎𝑡ℎ 𝑦=e → 𝑦?h5 𝑦Mi

𝑜𝑟							𝐵𝑒𝑠𝑡𝑃𝑎𝑡ℎ(𝑦=e → 𝑦?i)𝑦Mi

𝐵𝑒𝑠𝑡𝑃𝑎𝑡ℎ 𝑦=e → 𝑦Mi = 𝐵𝑒𝑠𝑡o&')p%	∈(rstu,rsv) 𝐵𝑒𝑠𝑡𝑃𝑎𝑡ℎ 𝑦=e → 𝑃𝑎𝑟𝑒𝑛𝑡 𝑦Mi

𝐵𝑒𝑠𝑡𝑃𝑎𝑡ℎ 𝑦=e → 𝑦Mi = 𝐵𝑒𝑠𝑡𝑃𝑎𝑡ℎ 𝑦=e → 𝐵𝑒𝑠𝑡𝑃𝑎𝑟𝑒𝑛𝑡 𝑦Mi

• The	best	parent	is	simply	the	parent	with	the	best-scoring	best	path
𝐵𝑒𝑠𝑡𝑃𝑎𝑟𝑒𝑛𝑡 = 𝑎𝑟𝑔𝑚𝑎𝑥o&')p%	∈(rstu,rsv) 𝑆𝑐𝑜𝑟𝑒(𝐵𝑒𝑠𝑡𝑃𝑎𝑡ℎ 𝑦=e → 𝑃𝑎𝑟𝑒𝑛𝑡 )
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𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



Viterbi	algorithm

• Dynamically	track	the	best	path	(and	the	score	of	the	best	path)	from	the	source	
node	to	every	node	in	the	graph
– At	each	node,	keep	track	of	

• The	best	incoming	parent	edge

• The	score	of	the	best	path	from	the	source	to	the	node	through	this	best	parent	edge

• Eventually	compute	the	best	path	from	source	to	sink
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𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



• First,	some	notation:

• 𝑦%
y(') is	the	probability	of	the	target	symbol	assigned	to	the	𝑟-th row	in	

the	𝑡-th time	(given	inputs	𝑋= …𝑋%)
– E.g.,		S(0)	=	/B/

• The	scores	in	the	0th row	have	the	form	𝑦%e

– E.g.	S(1)	=	S(3)	=	/IY/
• The	scores	in	the	1st and	3rd rows	have	the	form	𝑦%h5

– E.g.	S(2)	=	/F/
• The	scores	in	the	2nd row	have	the	form	𝑦%i 43
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𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Viterbi	algorithm



• Initialization:

𝐵𝑠𝑐𝑟 0,0 = 	𝑦=
y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃(𝑡, 0) 	= 	0, 𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 0…𝐾 − 1
• 𝐵𝑃 𝑡, 𝑙 = 𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 		𝑙 − 1; 		𝑒𝑙𝑠𝑒	𝑙

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �
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𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5
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• Initialization:
𝐵𝑃 0, 𝑖 = 	𝑛𝑢𝑙𝑙, 𝑖 = 0…𝐾 − 1
𝐵𝑠𝑐𝑟 0,0 = 	𝑦=

y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 	𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1
• 𝐵𝑃 𝑡, 𝑙 = 𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 		𝑙 − 1; 		𝑒𝑙𝑠𝑒	𝑙

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �
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Viterbi	algorithm



• Initialization:
𝐵𝑃 0, 𝑖 = 	𝑛𝑢𝑙𝑙, 𝑖 = 0…𝐾 − 1
𝐵𝑠𝑐𝑟 0,0 = 	𝑦=

y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 	𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1

• 𝐵𝑃 𝑡, 𝑙 = 𝑙 − 1 ∶ 		𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 ;		
𝑙 ∶ 𝑒𝑙𝑠𝑒

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �
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Viterbi	algorithm



• Initialization:

𝐵𝑠𝑐𝑟 0,0 = 	𝑦=
y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 	𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1

• 𝐵𝑃 𝑡, 𝑙 = 𝑙 − 1 ∶ 		𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 	;		
𝑙 ∶ 𝑒𝑙𝑠𝑒

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �

47

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Viterbi	algorithm



• Initialization:
𝐵𝑃 0, 𝑖 = 	𝑛𝑢𝑙𝑙, 𝑖 = 0…𝐾 − 1
𝐵𝑠𝑐𝑟 0,0 = 	𝑦=

y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1

• 𝐵𝑃 𝑡, 𝑙 = 𝑙 − 1 ∶ 		𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 	;		
𝑙 ∶ 𝑒𝑙𝑠𝑒

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �

48

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Viterbi	algorithm



Viterbi	algorithm

• Initialization:
𝐵𝑃 0, 𝑖 = 	𝑛𝑢𝑙𝑙, 𝑖 = 0…𝐾 − 1
𝐵𝑠𝑐𝑟 0,0 = 	𝑦=

y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 		𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1
• 𝐵𝑃 𝑡, 𝑙 = 𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 		𝑙 − 1; 		𝑒𝑙𝑠𝑒	𝑙

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �
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• Initialization:
𝐵𝑃 0, 𝑖 = 	𝑛𝑢𝑙𝑙, 𝑖 = 0…𝐾 − 1
𝐵𝑠𝑐𝑟 0,0 = 	𝑦=

y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 		𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1
• 𝐵𝑃 𝑡, 𝑙 = 𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 		𝑙 − 1; 		𝑒𝑙𝑠𝑒	𝑙

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �
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• Initialization:
𝐵𝑃 0, 𝑖 = 	𝑛𝑢𝑙𝑙, 𝑖 = 0…𝐾 − 1
𝐵𝑠𝑐𝑟 0,0 = 	𝑦=

y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 		𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1
• 𝐵𝑃 𝑡, 𝑙 = 𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 		𝑙 − 1; 		𝑒𝑙𝑠𝑒	𝑙

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �
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• Initialization:
𝐵𝑃 0, 𝑖 = 	𝑛𝑢𝑙𝑙, 𝑖 = 0…𝐾 − 1
𝐵𝑠𝑐𝑟 0,0 = 	𝑦=

y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 		𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1
• 𝐵𝑃 𝑡, 𝑙 = 𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 		𝑙 − 1; 		𝑒𝑙𝑠𝑒	𝑙

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �
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• Initialization:
𝐵𝑃 0, 𝑖 = 	𝑛𝑢𝑙𝑙, 𝑖 = 0…𝐾 − 1
𝐵𝑠𝑐𝑟 0,0 = 	𝑦=

y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 		𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1

• 𝐵𝑃 𝑡, 𝑙 = 𝑙 − 1 ∶ 		𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 		𝑙 − 1;		
𝑙 ∶ 𝑒𝑙𝑠𝑒

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �
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• Initialization:
𝐵𝑃 0, 𝑖 = 	𝑛𝑢𝑙𝑙, 𝑖 = 0…𝐾 − 1
𝐵𝑠𝑐𝑟 0,0 = 	𝑦=

y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 		𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1

• 𝐵𝑃 𝑡, 𝑙 = 𝑙 − 1 ∶ 		𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 		𝑙 − 1;		
𝑙 ∶ 𝑒𝑙𝑠𝑒

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �
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• Initialization:
𝐵𝑃 0, 𝑖 = 	𝑛𝑢𝑙𝑙, 𝑖 = 0…𝐾 − 1
𝐵𝑠𝑐𝑟 0,0 = 	𝑦=

y = , 𝐵𝑠𝑐𝑟 0, 𝑖 = 	−∞, 	𝑖	 = 	1…𝐾 − 1

• for	𝑡	 = 	1…𝑇 − 1
𝐵𝑃 𝑡, 0 = 	0; 		𝐵𝑠𝑐𝑟(𝑡, 0) 	= 	𝐵𝑠𝑐𝑟(𝑡 − 1,0)×𝑦%

y =

for	𝑙	 = 1…𝐾 − 1

• 𝐵𝑃 𝑡, 𝑙 = 𝑙 − 1 ∶ 		𝑖𝑓	 𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 − 1 > 	𝐵𝑠𝑐𝑟 𝑡 − 1, 𝑙 		𝑙 − 1;		
𝑙 ∶ 𝑒𝑙𝑠𝑒

• 𝐵𝑠𝑐𝑟(𝑡, 𝑙) 	= 	𝐵𝑠𝑐𝑟(𝐵𝑃(𝑡, 𝑙))	×𝑦%
y �
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Viterbi	algorithm



• 𝑠(𝑇 − 1) 	= 	𝑆(𝐾 − 1)

• for	𝑡	 = 	𝑇	𝑑𝑜𝑤𝑛	𝑡𝑜	1
– s(t-1)	=	BP(s(t))
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• 𝑠(𝑇 − 1) 	= 	𝑆(𝐾 − 1)

• for	𝑡	 = 	𝑇 − 1	𝑑𝑜𝑤𝑛𝑡𝑜	1
𝑠(𝑡 − 1) 	= 	𝐵𝑃(𝑠(𝑡))
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• 𝑠(𝑇 − 1) 	= 	𝑆(𝐾 − 1)

• for	𝑡	 = 	𝑇 − 1	𝑑𝑜𝑤𝑛𝑡𝑜	1
𝑠(𝑡 − 1) 	= 	𝐵𝑃(𝑠(𝑡))
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VITERBI
#N is the number of symbols in the target output

#S(i) is the ith symbol in target output

#T = length of input

#First create output table

For i = 1:N

s(1:T,i) = y(1:T, S(i))

#Now run the Viterbi algorithm

# First, at t = 1

BP(1,1) = -1

Bscr(1,1) = s(1,1)

Bscr(1,2:N) = -infty

for t = 2:T

BP(t,1) = BP(t-1,1);

Bscr(t,1) = Bscr(t-1,1)s(t,1)

for i = 1:min(t,N)

BP(t,i) = Bscr(t-1,i) > Bscr(t-1,i-1) ? i : i-1

Bscr(t,i) = Bscr(t-1,BP(t,i))s(t,i)

# Backtrace

AlignedSymbol(T) = N

for t = T downto 1

AlignedSymbol(t-1) = BP(t,AlignedSymbol(T))



Assumed	targets	for	training	with	the	Viterbi	algorithm
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Loss Loss LossLossLossLossLossLossLoss

/B/			/B/	/IY/	/F/				/F/	/IY//IY/	/IY/		/IY/



𝐿𝑜𝑠𝑠 =1𝑋𝑒𝑛𝑡 𝑌%, 𝑠𝑦𝑚𝑏𝑜𝑙%
�)�%�&%�

�

%

= −1log𝑌 𝑡, 𝑠𝑦𝑚𝑏𝑜𝑙%
�)�%�&%�

�

%

• The	gradient	w.r.t	the	𝑡-th output	vector	𝑌%

𝛻5Z𝐿𝑜𝑠𝑠 = 0 0 …
−1

𝑌 𝑡, 𝑠𝑦𝑚𝑏𝑜𝑙%
�)�%�&%� 0 … 0

– Zeros	except	at	the	component	corresponding	to	the	target	in	the	estimated	
alignment
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𝑋= 𝑋> 𝑋? 𝑋G 𝑋H 𝑋I 𝑋J 𝑋K 𝑋L𝑋M

Iterative	Estimate	and	Training

? ? ? ? ? ? ? ? ? ?
𝑌= 𝑌> 𝑌? 𝑌G 𝑌H 𝑌I 𝑌J 𝑌K 𝑌L𝑌M
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Decode	to	obtain
alignments

Train	model	with
given	alignments

Initialize
alignments

The “decode” and “train” steps may be combine into a single “decode, find alignment,
compute derivatives” step for SGD and mini-batch updates



Iterative	update:	Problem

• Approach	heavily	dependent	on	initial	alignment

• Prone	to	poor	local	optima

• Alternate	solution:	Do	not	commit	to	an	alignment	during	any	pass..
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• We	commit	to	the	single	“best”	estimated	alignment
– The	most	likely	alignment

𝐷𝐼𝑉 = −1log𝑌 𝑡, 𝑠𝑦𝑚𝑏𝑜𝑙%
�)�%�&%�

�

%
– This	can	be	way	off,	particularly	in	early	iterations,	or	if	the	model	is	poorly	initialized

• Alternate	view:	there	is	a	probability	distribution	over	alignments
– Selecting	a	single	alignment	is	the	same	as	drawing	a	single	sample	from	this	distribution
– Selecting	the	most	likely	alignment	is	the	same	as	deterministically	always	drawing	the	

most	probable	value	from	the	distribution
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The	reason	for	suboptimality

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



• We	commit	to	the	single	“best”	estimated	alignment
– The	most	likely	alignment

𝐿𝑜𝑠𝑠 = −1log𝑌 𝑡, 𝑠𝑦𝑚𝑏𝑜𝑙%
�)�%�&%�

�

%
– This	can	be	way	off,	particularly	in	early	iterations,	or	if	the	model	is	poorly	initialized

• Alternate	view: there	is	a	probability	distribution	over	alignments	of	the	target	Symbol	
sequence	(to	the	input)

– Selecting	a	single	alignment	is	the	same	as	drawing	a	single	sample	from	it
– Selecting	the	most	likely	alignment	is	the	same	as	deterministically	always	drawing	the	most	probable	

value	from	the	distribution
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The	reason	for	suboptimality

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



• Instead	of	only	selecting	the	most	likely	alignment,	use	the	
statistical	expectation	over	all	possible	alignments

𝐿𝑜𝑠𝑠 = 𝐸 −1log𝑌 𝑡, 𝑠%	
�

%
– Use	the	entire	distribution	of	alignments
– This	will	mitigate	the	issue	of	suboptimal	selection	of	alignment
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Averaging	over	all	alignments

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



𝐿𝑜𝑠𝑠 = 𝐸 −1log𝑌 𝑡, 𝑠%	
�

%

• Using	the	linearity	of	expectation

𝐿𝑜𝑠𝑠 = −1𝐸 log𝑌 𝑡, 𝑠%	
�

%
– This	reduces	to	finding	the	expected	Loss	at	each	input

𝐿𝑜𝑠𝑠 = −1 1 𝑃(𝑠% = 𝑆|𝐒, 𝐗) log 𝑌 𝑡, 𝑠% = 𝑆	
�

y∈y�…y�

�

%
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The	expectation	over	all	alignments

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



𝐷𝐼𝑉 = 𝐸 −1log𝑌 𝑡, 𝑠%	
�

%

• Using	the	linearity	of	expectation

𝐿𝑜𝑠𝑠 = −1𝐸 log𝑌 𝑡, 𝑠%	
�

%
– This	reduces	to	finding	the	expected	Loss	at	each	input

𝐿𝑜𝑠𝑠 = −1 1 𝑃(𝑠% = 𝑆|𝐒, 𝐗) log 𝑌 𝑡, 𝑠% = 𝑆	
�

y∈y�…y�

�

%
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The	expectation	over	all	alignments

t 0 1 2 3 4 5 6 7 8

The probability of seeing the specific symbol s at time t,
given that the symbol sequence is an expansion of
𝐒	 = 𝑆= …𝑆^_> and given the input sequence 𝐗	 = 𝑋= …𝑋b_>
We	need	to	be	able	to	compute	this

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



𝑃(𝑠% = 𝑆'|𝐒, 𝐗) ∝ 𝑃(𝑠% = 𝑆', 𝐒|𝐗)

• 𝑃(𝑠% = 𝑆', 𝐒|𝐗) is	the	total	probability	of	all	valid	paths	in	the	graph	for	target	
sequence	𝐒	that	go	through	the	symbol	𝑆' (the	𝑟th symbol	in	the	sequence	𝑆> …𝑆^)	
at	time	𝑡

• We	will	compute	this	using	the	“forward-backward”	algorithm
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A	posteriori	probabilities	of	symbols

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



• 𝑃(𝑠% = 𝑆', 𝐒|𝐗) can	be	decomposed	as
𝑃 𝑠% = 𝑆', 𝐒 𝐗 = 𝑃 𝑆>, … , 𝑆^, 𝑠% = 𝑆' 𝐗

= 𝑃 𝑆> …𝑆', 𝑆'�>, … , 𝑆^, 𝑠% = 𝑆', 𝑠%�> = 𝑠𝑢𝑐𝑐(𝑆') 𝐗
• Where	𝑠𝑢𝑐𝑐(𝑆') is	a	symbol	that	can	follow	𝑆' in	a	
sequence
– Here	it	is	either	𝑆' or	𝑆'�>
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

A	posteriori	probabilities	of	symbols



• 𝑃(𝑠% = 𝑆', 𝐒|𝐗) can	be	decomposed	as
𝑃 𝑠% = 𝑆', 𝐒 𝐗 = 𝑃 𝑆>, … , 𝑆', … , 𝑆^, 𝑠% = 𝑆' 𝐗
= 𝑃 𝑆> …𝑆', 𝑠% = 𝑆', 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• Where	𝑠𝑢𝑐𝑐(𝑆') is	a	symbol	that	can	follow	𝑆' in	a	sequence
– Here	it	is	either	𝑆' or	𝑆'�> (red	blocks	in	figure)
– The	equation	literally	says	that	after	the	blue	block,	either	of	the	two	red	arrows	
may	be	followed

71

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

A	posteriori	probabilities	of	symbols



• 𝑃(𝑠% = 𝑆', 𝐒|𝐗) can	be	decomposed	as
𝑃 𝑠% = 𝑆', 𝐒 𝐗 = 𝑃 𝑆>,… , 𝑆', … , 𝑆^, 𝑠% = 𝑆' 𝐗
= 𝑃 𝑆> …𝑆', 𝑠% = 𝑆', 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• Where	𝑠𝑢𝑐𝑐(𝑆') is	a	symbol	that	can	follow	𝑆' in	a	sequence
– Here	it	is	either	𝑆' or	𝑆'�> (red	blocks	in	figure)
– The	equation	literally	says	that	after	the	blue	block,	either	of	the	two	
red	arrows	may	be	followed
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

A	posteriori	probabilities	of	symbols



• 𝑃(𝑠% = 𝑆', 𝐒|𝐗) can	be	decomposed	as
𝑃 𝑠% = 𝑆', 𝐒 𝐗 = 𝑃 𝑆>, … , 𝑆', … , 𝑆^, 𝑠% = 𝑆' 𝐗

= 𝑃 𝑆> …𝑆', 𝑠% = 𝑆', 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• Using	Bayes	Rule
= 𝑃 𝑆> …𝑆', 𝑠% = 𝑆'	 𝐗 𝑃 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝑆> …𝑆', 𝑠% = 𝑆'𝐗

• The	probability	of	the	subgraph	in	the	blue	outline,	times	the	conditional	probability	
of	the	red-encircled	subgraph,	given	the	blue	subgraph
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

A	posteriori	probabilities	of	symbols



• 𝑃(𝑠% = 𝑆', 𝐒|𝐗) can	be	decomposed	as
𝑃 𝑠% = 𝑆', 𝐒 𝐗 = 𝑃 𝑆>, … , 𝑆', … , 𝑆^, 𝑠% = 𝑆' 𝐗

= 𝑃 𝑆> …𝑆', 𝑠% = 𝑆', 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• Using	Bayes	Rule
= 𝑃 𝑆> …𝑆', 𝑠% = 𝑆'	 𝐗 𝑃 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝑆> …𝑆', 𝑠% = 𝑆'𝐗

• For	a	recurrent	network	without	feedback	from	the	output	we	can	make	the	conditional	
independence	assumption:

𝑃(𝑠% = 𝑆', 𝐒|𝐗) = 𝑃 𝑆> …𝑆', 𝑠% = 𝑆'	 𝐗 𝑃 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Assuming	past	output	symbols	do	not	directly	feed	back	into	the	net

A	posteriori	probabilities	of	symbols



Conditional	independence

• Dependency	graph: Input	sequence	𝐗 = 𝑋= 	𝑋>…𝑋b_> governs	hidden	variables	𝐇 = 𝐻=	𝐻> …𝐻b_>
• Hidden	variables	govern	output	predictions	𝑦=,	𝑦>,	…𝑦b_> individually

• 𝑦=,	𝑦>,	…𝑦b_> are	conditionally	independent	given	𝐇

• Since	𝐇 is	deterministically	derived	from	𝐗,	𝑦=,	𝑦>,	…𝑦b_> are	also	conditionally	independent	given	𝐗
– This	wouldn’t	be	true	if	the	relation	between	𝐗 and	𝐇 were	not	deterministic	or	if	𝐗 is	unknown,	or	if	there	were	

direct	connections	between	the	𝑦s
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𝐗 = 𝑋= 	𝑋>…𝑋b_> 𝐇 = 𝐻=	𝐻> …𝐻b_>

𝑦=

𝑦>

𝑦b_>

⋮



𝑃 𝑠% = 𝑆', 𝐒|𝐗 	
= 𝑃 𝑆> …𝑆', 𝑠% = 𝑆'	 𝐗 𝑃 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• We	will	call	the	first	term	the	forward	probability	𝛼 𝑡, 𝑟

• We	will	call	the	second	term	the	backward	probability	𝛽 𝑡, 𝑟
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A	posteriori	symbol	probability

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



𝑃 𝑠% = 𝑆', 𝐒|𝐗 	
= 𝑃 𝑆> …𝑆', 𝑠% = 𝑆'	 𝐗 𝑃 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• We	will	call	the	first	term	the	forward	probability	𝛼 𝑡, 𝑟

• We	will	call	the	second	term	the	backward	probability	𝛽 𝑡, 𝑟
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

A	posteriori	symbol	probability



𝛼 𝑡, 𝑟 = 𝑃 𝑆>. . 𝑆', 𝑠% = 𝑆'|𝐗
• The	𝛼 𝑡, 𝑟 is	the	total	probability	of	the	subgraph	shown
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Computing	𝛼 𝑡, 𝑟 :	Forward	algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



𝛼 3, 𝐼𝑌 = 𝑃 𝑆>. . 𝑆', 𝑠% = 𝑆'|𝐗

𝛼 3, 𝐼𝑌
= 𝑃 𝑠𝑢𝑏𝑔𝑟𝑎𝑝ℎ	𝑒𝑛𝑑𝑖𝑛𝑔	𝑎𝑡(2,B	) 𝑦Mh5 + 𝑃 𝑠𝑢𝑏𝑔𝑟𝑎𝑝ℎ	𝑒𝑛𝑑𝑖𝑛𝑔	𝑎𝑡(2,IY	) 𝑦Mh5
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Computing	𝛼 𝑡, 𝑟 :	Forward	algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=e 𝑦>e 𝑦?e

𝑦Mh5



𝛼 𝑡, 𝑟 = 𝑃 𝑆>. . 𝑆', 𝑠% = 𝑆'|𝐗

𝛼 3, 𝐼𝑌 = 𝑃 𝑠𝑢𝑏𝑔𝑟𝑎𝑝ℎ	𝑒𝑛𝑑𝑖𝑛𝑔	𝑎𝑡	(2,B)	 𝑦Mh5 + 𝑃 𝑠𝑢𝑏𝑔𝑟𝑎𝑝ℎ	𝑒𝑛𝑑𝑖𝑛𝑔	𝑎𝑡	(2,IY) 𝑦Mh5

𝛼 3, 𝐼𝑌 = 𝛼 2, 𝐵 𝑦Mh5 + 𝛼 2, 𝐼𝑌 𝑦Mh5
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Computing	𝛼 𝑡, 𝑟 :	Forward	algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=e 𝑦>e 𝑦?e

𝑦Mh5
𝑦=e 𝑦>e

𝑦>h5 𝑦?h5 𝑦Mh5



𝛼 𝑡, 𝑟 = 𝑃 𝑆>. . 𝑆', 𝑠% = 𝑆'|𝐗

• The	𝛼 𝑡, 𝑟 is	the	total	probability	of	the	subgraph	shown

• We	can	marginalize	the	symbol	at	time	t-1

𝛼 𝑡, 𝑟 = 1 𝑃 𝑆>. . . , 𝑆� , 𝑠%_> = 𝑆�, 𝑠% = 𝑆'|𝐗
�

�:y�∈�')�(y�)

– Where	𝑝𝑟𝑒𝑑(𝑆') is	any	symbol	that	is	permitted	to	come	before	an	𝑆' and	may	include	𝑆'
– 𝑞 is	its	row	index,	and	can	take	values	𝑟 and	𝑟 − 1 in	this	example
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Computing	𝛼 𝑡, 𝑟 :	Forward	algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



𝛼 𝑡, 𝑟 = 𝑃 𝑆>. . 𝑆', 𝑠% = 𝑆'|𝐗
• The	𝛼 𝑡, 𝑟 is	the	total	probability	of	the	subgraph	shown
• We	can	marginalize	out	the	symbol	at	time	t-1

𝛼 𝑡, 𝑟 = 1 𝑃 𝑆>. . . , 𝑆� , 𝑠%_> = 𝑆�, 𝑠% = 𝑆'|𝐗
�

�:y�∈�')�(y�)

• Using	the	conditional	independence	assumed

𝛼 𝑡, 𝑟 = 1 𝑃 𝑆>. . . , 𝑆� , 𝑠%_> = 𝑆�|𝐗 𝑃 𝑠% = 𝑆'|𝐗
�

�:y�∈�')�(y�)
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Computing	𝛼 𝑡, 𝑟 :	Forward	algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



𝛼 𝑡, 𝑟 = 𝑃 𝑆>. . 𝑆', 𝑠% = 𝑆'|𝐗

• The	𝛼 𝑡, 𝑟 is	the	total	probability	of	the	subgraph	shown

𝛼 𝑡, 𝑟 = 1 𝑃 𝑆>. . . , 𝑆� , 𝑠%_> = 𝑆�|𝐗 𝑃 𝑠% = 𝑆'|𝐗
�

�:y�∈�')�(y�)

= 1 𝛼 𝑡 − 1, 𝑞 𝑦%
y�

�

�:y�∈�')�(y�)
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Computing	𝛼 𝑡, 𝑟 :	Forward	algorithm



𝛼 𝑡, 𝑟 = 1 𝛼 𝑡 − 1, 𝑞 𝑦%
y�

�

�:y�∈�')�(y�)

• The	𝛼 𝑡, 𝑟 is	the	total	probability	of	the	subgraph	shown
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Forward	algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



𝛼 𝑡, 𝑟 = 𝛼 𝑡 − 1, 𝑟 + 𝛼 𝑡 − 1, 𝑟 − 1 𝑦%
y(')
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𝛼 𝑡, 𝑟𝛼 𝑡 − 1, 𝑟
𝛼 𝑡 − 1, 𝑟 − 1
t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Forward	algorithm



• Initialization:

𝛼 0,1 = 𝑦=
y > , 			𝛼 0, 𝑟 = 0, 𝑟 > 1

• for	𝑡	 = 	1…𝑇 − 1
𝛼(𝑡, 1) 	= 𝛼(𝑡 − 1,1)𝑦%

y >

for	𝑙	 = 2…𝐾
𝛼(𝑡, 𝑙) 	= (𝛼 𝑡 − 1, 𝑙 + 𝛼 𝑡 − 1, 𝑙 − 1 )𝑦%

y �
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Forward	algorithm



• Initialization:

𝛼 0,1 = 𝑦=
y > , 			𝛼 0, 𝑟 = 0, 𝑟 > 1

• for	𝑡	 = 	1…𝑇 − 1
𝛼(𝑡, 1) 	= 𝛼(𝑡 − 1,1)𝑦%

y >

for	𝑙	 = 2…𝐾
• 𝛼(𝑡, 𝑙) 	= (𝛼 𝑡 − 1, 𝑙 + 𝛼 𝑡 − 1, 𝑙 − 1 )𝑦%

y �
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Forward	algorithm



• Initialization:

𝛼 0,1 = 𝑦=
y > , 			𝛼 0, 𝑟 = 0, 𝑟 > 1

• for	𝑡	 = 	1…𝑇 − 1
𝛼(𝑡, 1) 	= 𝛼(𝑡 − 1,1)𝑦%

y >

for	𝑙	 = 2…𝐾
• 𝛼(𝑡, 𝑙) 	= (𝛼 𝑡 − 1, 𝑙 + 𝛼 𝑡 − 1, 𝑙 − 1 )𝑦%

y �
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Forward	algorithm



• Initialization:

𝛼 0,1 = 𝑦=
y > , 			𝛼 0, 𝑟 = 0, 𝑟 > 1

• for	𝑡	 = 	1…𝑇 − 1
𝛼(𝑡, 1) 	= 𝛼(𝑡 − 1,1)𝑦%

y >

for	𝑙	 = 2…𝐾
• 𝛼(𝑡, 𝑙) 	= (𝛼 𝑡 − 1, 𝑙 + 𝛼 𝑡 − 1, 𝑙 − 1 )𝑦%

y �
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Forward	algorithm



• Initialization:

𝛼 0,1 = 𝑦=
y > , 			𝛼 0, 𝑟 = 0, 𝑟 > 1

• for	𝑡	 = 	1…𝑇 − 1
𝛼(𝑡, 1) 	= 𝛼(𝑡 − 1,1)𝑦%

y >

for	𝑙	 = 2…𝐾
• 𝛼(𝑡, 𝑙) 	= (𝛼 𝑡 − 1, 𝑙 + 𝛼 𝑡 − 1, 𝑙 − 1 )𝑦%

y �
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Forward	algorithm



• Initialization:

𝛼 0,1 = 𝑦=
y > , 			𝛼 0, 𝑟 = 0, 𝑟 > 1

• for	𝑡	 = 	1…𝑇 − 1
𝛼(𝑡, 1) 	= 𝛼(𝑡 − 1,1)𝑦%

y >

for	𝑙	 = 2…𝐾
• 𝛼(𝑡, 𝑙) 	= (𝛼 𝑡 − 1, 𝑙 + 𝛼 𝑡 − 1, 𝑙 − 1 )𝑦%

y �
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Forward	algorithm



𝑃 𝑠% = 𝑆', 𝐒|𝐗 	
= 𝑃 𝑆> …𝑆', 𝑠% = 𝑆'	 𝐗 𝑃 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• We	will	call	the	first	term	the	forward	probability	𝛼 𝑡, 𝑟

• We	will	call	the	second	term	the	backward	probability	𝛽 𝑡, 𝑟
92

A	posteriori	symbol	probability

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

We have seen how to compute this



𝑃 𝑠% = 𝑆', 𝐒|𝐗 	
= 𝛼 𝑡, 𝑟 𝑃 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• We	will	call	the	first	term	the	forward	probability	𝛼 𝑡, 𝑟

• We	will	call	the	second	term	the	backward	probability	𝛽 𝑡, 𝑟
93

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

We have seen how to compute this

A	posteriori	symbol	probability



𝑃 𝑠% = 𝑆', 𝐒|𝐗
= 𝛼 𝑡, 𝑟 𝑃 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• We	will	call	the	first	term	the	forward	probability	𝛼 𝑡, 𝑟

• We	will	call	the	second	term	the	backward	probability	𝛽 𝑡, 𝑟
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Lets look at
this

A	posteriori	symbol	probability



𝛽 𝑡, 𝑟 = 𝑃 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• 𝛽 𝑡, 𝑟 is	the	probability	of	the	exposed	subgraph,	not	
including	the	orange	shaded	box

95

tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

A	posteriori	symbol	probability
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Gh5 𝑦Hh5 𝑦Ih5

𝑦Hi 𝑦Ii 𝑦Ji

𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji

𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑃(																	)
𝑃(																	)

= 	+𝛽 3,1

A	posteriori	symbol	probability
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Gh5 𝑦Hh5 𝑦Ih5

𝑦Hi 𝑦Ii 𝑦Ji

𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji

𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑃(																	)
𝑃(																	)

= 	+𝛽 3,1

A	posteriori	symbol	probability



tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Gh5 𝑦Hh5 𝑦Ih5

𝑦Hi 𝑦Ii 𝑦Ji

𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji

𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑃(																	)
𝑃(																	)

𝑦Gh5

𝑦Gi
= 	+𝛽 3,1

A	posteriori	symbol	probability



tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Gh5𝛽 4,1

𝑦Gi𝛽 4,2
= 	+𝛽 3,1

A	posteriori	symbol	probability



𝛽 𝑡, 𝑟 = 1 𝑃 𝑠%�> = 𝑆�, 𝑆�, … , 𝑆^|𝐗
�

�:y�∈�¡¢¢(y�)

• Lets	expand	this	out	in	terms	of	the	successors of 𝑆� at	t+2
– Explicitly	consider	all	possible	successors,	to	cover	all	possibilities	(the	two	
red	boxes)

𝛽 𝑡, 𝑟 = 1 𝑃 𝑠%�> = 𝑆�, 𝑠%�? ∈ 𝑠𝑢𝑐𝑐(𝑆�), 𝑠𝑢𝑐𝑐(𝑆�), … , 𝑆^|𝐗
�

�:y�∈�¡¢¢(y�) 100

tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Mh5

A	posteriori	symbol	probability



• Expressing	𝛽 𝑡, 𝑟 in	terms	of	the	successors	of	𝑆�

𝛽 𝑡, 𝑟 = 1 𝑃 𝑠%�> = 𝑆�, 𝑠%�? ∈ 𝑠𝑢𝑐𝑐(𝑆�), 𝑠𝑢𝑐𝑐(𝑆�), … , 𝑆^|𝐗
�

�:y�∈�¡¢¢(y�)

• Using	our	assumption	of	conditional	independence

𝛽 𝑡, 𝑟 = 1 𝑃 𝑠%�> = 𝑆�|𝐗 𝑃 𝑠%�? ∈ 𝑠𝑢𝑐𝑐(𝑆�), 𝑠𝑢𝑐𝑐(𝑆�), … , 𝑆^|𝐗
�

�:y�∈�¡¢¢(y�)

101

tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Mh5

A	posteriori	symbol	probability



• Expressing	𝛽 𝑡, 𝑟 in	terms	of	the	successors	of	𝑆�

𝛽 𝑡, 𝑟 = 1 𝑃 𝑠%�> = 𝑆�, 𝑠%�? ∈ 𝑠𝑢𝑐𝑐(𝑆�), 𝑠𝑢𝑐𝑐(𝑆�), … , 𝑆^|𝐗
�

�:y�∈�¡¢¢(y�)

• Using	our	assumption	of	conditional	independence

𝛽 𝑡, 𝑟 = 1 𝑃 𝑠%�> = 𝑆�|𝐗 𝑃 𝑠%�? ∈ 𝑠𝑢𝑐𝑐(𝑆�), 𝑠𝑢𝑐𝑐(𝑆�), … , 𝑆^|𝐗
�

�:y�∈�¡¢¢(y�)

102

tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Mh5

𝛽(𝑡 + 1, 𝑞)𝑦%�>
y�

A	posteriori	symbol	probability



• Expressing	𝛽 𝑡, 𝑟 in	terms	of	the	successors	of	𝑆�

𝛽 𝑡, 𝑟 = 1 𝑃 𝑠%�> = 𝑆�, 𝑠%�? ∈ 𝑠𝑢𝑐𝑐(𝑆�), 𝑠𝑢𝑐𝑐(𝑆�), … , 𝑆^|𝐗
�

�:y�∈�¡¢¢(y�)

• Using	our	assumption	of	conditional	independence

𝛽 𝑡, 𝑟 = 1 𝑦%�>
y� 𝛽(𝑡 + 1, 𝑞)	

�

�:y�∈�¡¢¢(y�)
103

tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Mh5

A	posteriori	symbol	probability



𝛽 𝑡, 𝑟 = 𝑦%�>
y(')𝛽 𝑡 + 1, 𝑟 	+	𝑦%�>

y('�>)𝛽 𝑡 + 1, 𝑟 + 1

104

Backward	algorithm

tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Mh5



105

Backward	algorithm

tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦Mh5

𝛽 𝑡, 𝑟 = 1 𝛽 𝑡 + 1, 𝑞 𝑦%�>
y�

�

�:y�∈�¡¢¢(y�)

• The	𝛽 𝑡, 𝑟 is	the	total	probability	of	the	subgraph	shown



• Initialization:
𝛽 𝑇 − 1,𝐾 = 1, 𝛽 𝑇 − 1, 𝑟 = 0, 𝑟 < 𝐾

• for	𝑡	 = 𝑇 − 2	𝑑𝑜𝑤𝑛𝑡𝑜	0
𝛽(𝑡, 𝐾) 	= 𝛽(𝑡 + 1, 𝐾)𝑦%�>

y ^

for	𝑙	 = 𝐾 − 1…1
• 𝛽 𝑡, 𝑟 = 𝑦%�>

y(�)𝛽 𝑡 + 1, 𝑟 	+ 	𝑦%�>
y('�>)𝛽 𝑡 + 1, 𝑟 + 1

106

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Backward	algorithm



• Initialization:
𝛽 𝑇 − 1,𝐾 = 1, 𝛽 𝑇 − 1, 𝑟 = 0, 𝑟 < 𝐾

• for	𝑡	 = 𝑇 − 2	𝑑𝑜𝑤𝑛𝑡𝑜	0
𝛽(𝑡, 𝐾) 	= 𝛽(𝑡 + 1, 𝐾)𝑦%�>

y ^

for	𝑙	 = 𝐾 − 1…1
• 𝛽 𝑡, 𝑟 = 𝑦%�>

y(�)𝛽 𝑡 + 1, 𝑟 	+ 	𝑦%�>
y('�>)𝛽 𝑡 + 1, 𝑟 + 1
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Backward	algorithm



• Initialization:
𝛽 𝑇 − 1,𝐾 = 1, 𝛽 𝑇 − 1, 𝑟 = 0, 𝑟 < 𝐾

• for	𝑡	 = 𝑇 − 2	𝑑𝑜𝑤𝑛𝑡𝑜	0
𝛽(𝑡, 𝐾) 	= 𝛽(𝑡 + 1, 𝐾)𝑦%�>

y ^

for	𝑙	 = 𝐾 − 1…1
• 𝛽 𝑡, 𝑟 = 𝑦%�>

y(�)𝛽 𝑡 + 1, 𝑟 	+ 	𝑦%�>
y('�>)𝛽 𝑡 + 1, 𝑟 + 1

108

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Backward	algorithm



• Initialization:
𝛽 𝑇 − 1,𝐾 = 1, 𝛽 𝑇 − 1, 𝑟 = 0, 𝑟 < 𝐾

• for	𝑡	 = 𝑇 − 2	𝑑𝑜𝑤𝑛𝑡𝑜	0
𝛽(𝑡, 𝐾) 	= 𝛽(𝑡 + 1, 𝐾)𝑦%�>

y ^

for	𝑙	 = 𝐾 − 1…1
• 𝛽 𝑡, 𝑟 = 𝑦%�>

y(�)𝛽 𝑡 + 1, 𝑟 	+ 	𝑦%�>
y('�>)𝛽 𝑡 + 1, 𝑟 + 1
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Backward	algorithm



• Initialization:
𝛽 𝑇 − 1,𝐾 = 1, 𝛽 𝑇 − 1, 𝑟 = 0, 𝑟 < 𝐾

• for	𝑡	 = 𝑇 − 2	𝑑𝑜𝑤𝑛𝑡𝑜	0
𝛽(𝑡, 𝐾) 	= 𝛽(𝑡 + 1, 𝐾)𝑦%�>

y ^

for	𝑙	 = 𝐾 − 1…1
• 𝛽 𝑡, 𝑟 = 𝑦%�>

y(�)𝛽 𝑡 + 1, 𝑟 	+ 	𝑦%�>
y('�>)𝛽 𝑡 + 1, 𝑟 + 1
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

Backward	algorithm



𝑃 𝑠% = 𝑆', 𝐒|𝐗 = 𝛼 𝑡, 𝑟 𝑃 𝑠%�> ∈ 𝑠𝑢𝑐𝑐(𝑆'), 𝑠𝑢𝑐𝑐(𝑆'), … , 𝑆^	 𝐗

• We	will	call	the	first	term	the	forward	probability	𝛼 𝑡, 𝑟
• We	will	call	the	second	term	the	backward	probability	𝛽 𝑡, 𝑟

111

The	joint	probability

We now can compute this

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



𝑃 𝑠% = 𝑆', 𝐒|𝐗 = 𝛼 𝑡, 𝑟 𝛽 𝑡, 𝑟

• We	will	call	the	first	term	the	forward	probability	𝛼 𝑡, 𝑟
• We	will	call	the	second	term	the	backward	probability	
𝛽 𝑡, 𝑟

112

Backward algoForward algo

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

The	joint	probability



𝑃 𝑠% = 𝑆', 𝐒|𝐗 = 𝛼 𝑡, 𝑟 𝛽 𝑡, 𝑟

• The	posterior	is	given	by

𝑃 𝑠% = 𝑆'|𝐒, 𝐗 =
𝑃 𝑠% = 𝑆', 𝐒|𝐗

∑ 𝑃 𝑠% = 𝑆'¥ , 𝐒|𝐗�
y�¦

=
𝛼 𝑡, 𝑟 𝛽 𝑡, 𝑟

∑ 𝛼 𝑡, 𝑟′ 𝛽 𝑡, 𝑟′�
'¥

The	posterior	probability

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



• Let	the	posterior	𝑃 𝑠% = 𝑆'|𝐒, 𝐗 be	represented	by	𝛾 𝑡, 𝑟

𝛾 𝑡, 𝑟 =
𝛼 𝑡, 𝑟 𝛽 𝑡, 𝑟

∑ 𝛼 𝑡, 𝑟′ 𝛽 𝑡, 𝑟′�
'¥

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

The	posterior	probability



𝐿𝑜𝑠𝑠 = −1 1 𝑃 𝑠% = 𝑠 𝐒, 𝐗 log 𝑌 𝑡, 𝑠% = 𝑠	
�

�∈y�…y�

�

%

𝐿𝑜𝑠𝑠 = −11𝛾 𝑡, 𝑟 log 𝑦%
y(')

�

'

�

%

• The	derivative	of	the	Loss	w.r.t	the	output	Yt of	the	net	at	any	time:

𝛻5Z𝐷𝐼𝑉 =
𝑑𝐷𝐼𝑉
𝑑𝑦%>

𝑑𝐷𝐼𝑉
𝑑𝑦%?

…
𝑑𝐷𝐼𝑉
𝑑𝑦%©

– Components	will	be	non-zero	only	for	symbols	that	occur	in	the	training	instance 115

The	expected	Loss

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



𝐿𝑜𝑠𝑠 = −1 1 𝑃 𝑠% = 𝑠 𝐒, 𝐗 log 𝑌 𝑡, 𝑠% = 𝑠	
�

�∈y�…y�

�

%

𝐿𝑜𝑠𝑠 = −11𝛾 𝑡, 𝑟 log 𝑦%
y(')

�

'

�

%

• The	derivative	of	the	Loss	w.r.t	the	output	𝑌% of	the	net	at	any	time:

𝛻5Z𝐿𝑜𝑠𝑠 =
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%

��
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%

�s …
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%

�ª
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

The	expected	Loss



𝐷𝐼𝑉 = −1 1 𝑃 𝑠% = 𝑠 𝐒, 𝐗 log 𝑌 𝑡, 𝑠% = 𝑠	
�

�∈y�…y�

�

%

𝐿𝑜𝑠𝑠 = −11𝛾 𝑡, 𝑟 log 𝑦%
y(')

�

'

�

%

• The	derivative	of	the	Loss	w.r.t	the	output	𝑌% of	the	net	at	any	time:

𝛻5Z𝐿𝑜𝑠𝑠 =
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%

��
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%

�s …
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%

�ª
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Must compute these terms 
from here

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%�

= − 1
𝑑

𝑑𝑦%
y(') 𝛾 𝑡, 𝑟 log 𝑦%

y(')
�

'	∶y ' «�

The	expected	Loss



𝐷𝐼𝑉 = −1 1 𝑃 𝑠% = 𝑠 𝐒, 𝐗 log 𝑌 𝑡, 𝑠% = 𝑠	
�

�∈y�…y�

�

%

𝐷𝐼𝑉 = −11𝛾 𝑡, 𝑟 log 𝑦%
y(')

�

'

�

%

• The	derivative	of	the	Loss	w.r.t	the	output	𝑌% of	the	net	at	any	time:

𝛻5Z𝐿𝑜𝑠𝑠 =
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%

��
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%

�s …
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%

�ª
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

The derivatives at both these locations must be summed to get �©¬��
�r­tu

𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%�

= − 1
𝑑

𝑑𝑦%
y(') 𝛾 𝑡, 𝑟 log 𝑦%

y(')
�

'	∶y ' «�

The	expected	Loss



𝐿𝑜𝑠𝑠 = −1 1 𝑃 𝑠% = 𝑠 𝐒, 𝐗 log 𝑌 𝑡, 𝑠% = 𝑠	
�

�∈y�…y�

�

%

𝐷𝐼𝑉 = −11𝛾 𝑡, 𝑟 log 𝑦%
y(')

�

'

�

%

• The	derivative	of	the	Loss	w.r.t	the	output	𝑌% of	the	net	at	any	time:

𝛻5Z𝐷𝐼𝑉 =
𝑑𝐷𝐼𝑉
𝑑𝑦%>

𝑑𝐷𝐼𝑉
𝑑𝑦%?

…
𝑑𝐷𝐼𝑉
𝑑𝑦%©
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%�

= − 1
𝑑

𝑑𝑦%
y(') 𝛾 𝑡, 𝑟 log 𝑦%

y(')
�

'	∶y ' «�

𝑑
𝑑𝑦%

y(') 𝛾 𝑡, 𝑟 log 𝑦%
y(') =

𝛾 𝑡, 𝑟
𝑦%
y(') +

𝑑𝛾 𝑡, 𝑟
𝑑𝑦%

y(') log 𝑦%
y(')

The	expected	Loss



𝐿𝑜𝑠𝑠 = −1 1 𝑃 𝑠% = 𝑠 𝐒, 𝐗 log 𝑌 𝑡, 𝑠% = 𝑠	
�

�∈y�…y�

�

%

𝐷𝐼𝑉 = −11𝛾 𝑡, 𝑟 log 𝑦%
y(')

�

'

�

%

• The	derivative	of	the	Loss	w.r.t	the	output	𝑌% of	the	net	at	any	time:

𝛻5Z𝐷𝐼𝑉 =
𝑑𝐷𝐼𝑉
𝑑𝑦%>

𝑑𝐷𝐼𝑉
𝑑𝑦%?

…
𝑑𝐷𝐼𝑉
𝑑𝑦%©
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%�

= − 1
𝑑

𝑑𝑦%
y(') 𝛾 𝑡, 𝑟 log 𝑦%

y(')
�

'	∶y ' «�

𝑑
𝑑𝑦%

y(') 𝛾 𝑡, 𝑟 log 𝑦%
y(') ≈

𝛾 𝑡, 𝑟
𝑦%
y(')

The approximation is exact if we think of this as a maximum-likelihood estimate

The	expected	Loss



𝐿𝑜𝑠𝑠 = −11𝛾 𝑡, 𝑟 log 𝑦%
y(')

�

'

�

%

• The	derivative	of	the	Loss	w.r.t	any	particular	output	of	the	network	must	sum	over	all	instances	of	that	
symbol	in	the	target	sequence

𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%�

= − 1
𝛾(𝑡, 𝑟)
𝑦%
y '

�

'	∶y ' «�

– E.g.	the	derivative	w.r.t	𝑦%h5 will	sum	over	both	rows	representing	/IY/	in	the	above	figure
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

The	expected	Loss



Overall	training	procedure	for	Seq2Seq	case	1	

• Problem:	Given	input	and	output	sequences	without	
alignment,	train	models
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𝑋= 𝑋> 𝑋? 𝑋G 𝑋H 𝑋I 𝑋J 𝑋K 𝑋L𝑋M

/B/ /IY/ /IY/

? ? ? ? ? ? ? ? ? ?
𝑌= 𝑌> 𝑌? 𝑌G 𝑌H 𝑌I 𝑌J 𝑌K 𝑌L𝑌M

/F/



Overall	training	procedure	for	Seq2Seq	
case	1	
• Step	1:	Setup	the	network

– Typically	many-layered	LSTM

• Step	2:	Initialize	all	parameters	of	the	network	
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Overall	Training:	Forward	pass
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• For	each	training	instance
• Step	3:		Forward	pass.	Pass	the	training	instance	through	the	network	
and	obtain	all	symbol	probabilities	at	each	time



/B/ 𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

/IY/ 𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

/IY/ 𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5
/F/
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Overall	training:	Backward	pass

• For	each	training	instance
• Step	3:		Forward	pass.	Pass	the	training	instance	through	the	
network	and	obtain	all	symbol	probabilities	at	each	time

• Step	4:	Construct	the	graph	representing	the	specific	symbol	
sequence	in	the	instance.	This	may	require	having
multiple	rows	of	nodes	with	the	same	symbol	scores



• Foreach	training	instance:
– Step	5: Perform	the	forward	backward	algorithm	to	compute	𝛼 𝑡, 𝑟
and	𝛽 𝑡, 𝑟 at	each	time,	for	each	row	of	nodes	in	the	graph

– Step	6: Compute	derivative	of	Loss	𝛻5Z𝐿𝑜𝑠𝑠 for	each	𝑌%
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Overall	training:	Backward	pass

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/
/IY/

𝑦=e 𝑦>e 𝑦?e 𝑦Me 𝑦Ge 𝑦He 𝑦Ie 𝑦Je 𝑦Ke

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5

𝑦=i 𝑦>i 𝑦?i 𝑦Mi 𝑦Gi 𝑦Hi 𝑦Ii 𝑦Ji 𝑦Ki

𝑦=h5 𝑦>h5 𝑦?h5 𝑦Mh5 𝑦Gh5 𝑦Hh5 𝑦Ih5 𝑦Jh5 𝑦Kh5



Overall	training:	Backward	pass

• Foreach	instance
– Step	6: Compute	derivative	of	Loss	𝛻5Z𝐿𝑜𝑠𝑠 for	each	𝑌%

𝛻5Z𝐿𝑜𝑠𝑠 =
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%>

𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%?

…
𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%©

𝑑𝐿𝑜𝑠𝑠
𝑑𝑦%�

= − 1
𝛾(𝑡, 𝑟)
𝑦%
y(')

�

'	∶y ' «�

• Step	7:	Aggregate	derivatives	over	minibatch and	update	parameters
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A	key	decoding	problem

• Consider	a	problem	where	the	output	symbols	are	characters

• We	have	a	decode:		R	R R O	O O O O D

• Is	this	the	merged	symbol	sequence	ROD	or	ROOD?

• Note:	This	problem	does	not	always	occur,	e.g.	when	symbols	have	
sub	symbols
– E.g.		If	O	is	produced	as	O1	and	O2

• A	single	O	would	be	of	the	form	O1	O1 ..	O2
• Multiple	Os would	have	the	decode	O1	..	O2..	O1..O2..
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We’ve	seen	this	before

𝑋= 𝑋> 𝑋? 𝑋G 𝑋H 𝑋I 𝑋J 𝑋K𝑋M
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/AH/

/B/

/D/

/EH/

/IY/
/F/

/G/

𝑦=cd

𝑦=e

𝑦=f

𝑦=gd

𝑦=h5

𝑦=i

𝑦=j

𝑦>cd

𝑦>e

𝑦>f

𝑦>gd

𝑦>h5

𝑦>i

𝑦>j

𝑦?cd

𝑦?e

𝑦?f

𝑦?gd

𝑦?h5

𝑦?i

𝑦?j

𝑦Mcd

𝑦Me

𝑦Mf

𝑦Mgd

𝑦Mh5

𝑦Mi

𝑦Mj

𝑦Gcd

𝑦Ge

𝑦Gf

𝑦Ggd

𝑦Gh5

𝑦Gi

𝑦Gj

𝑦Hcd

𝑦He

𝑦Hf

𝑦Hgd

𝑦Hh5

𝑦Hi

𝑦Hj

𝑦Icd

𝑦Ie

𝑦If

𝑦Igd

𝑦Ih5

𝑦Ii

𝑦Ij

𝑦Jcd

𝑦Je

𝑦Jf

𝑦Jgd

𝑦Jh5

𝑦Ji

𝑦Jj

𝑦Kcd

𝑦Ke

𝑦Kf

𝑦Kgd

𝑦Kh5

𝑦Ki

𝑦Kj/G/

/F/
/IY/

/D/
Cannot distinguish between an extended symbol and
repetitions of the symbol

/F/

• /G/	/F/	/F/	/IY/	/D/		or		/G/	/F/	/IY/	/D/	?



A	key	decoding	problem
• We	have	a	decode:		R	R R O	O O O O D

• Is	this	the	symbol	sequence	ROD	or	ROOD?

• A	solution:	Introduce	an	explicit	extra	symbol	which	serves	to	separate	discrete	versions	of	
a	symbol
– A	“blank”	(represented	by	“-”)
– RRR---OO---DDD	=		ROD
– RR-R---OO---D-DD	=	RRODD
– R-R-R---O-ODD-DDDD-D	=	RRROODDD

• The	next	symbol	at	the	end	of	a	sequence	of	blanks	is	always	a	new	character
• When	a	symbol	repeats,	there	must	be	at	least	one	blank	between	the	repetitions

• The	symbol	set	recognized	by	the	network	must	now	include	the	extra	blank	symbol
– Which	too	must	be	trained
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Most	common	CTC	applications

• Speech	recognition
– Speech	in,		phoneme	sequence	out
– Speech	in,	character	sequence	(spelling	out)

• Handwriting	recognition
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Story	so	far:	CTC	models

• Sequence-to-sequence	networks	which	irregularly	output	symbols	can	be	“decoded”	by	
Viterbi	decoding
– Which	assumes	that	a	symbol	is	output	at	each	time	and	merges adjacent	symbols

• They	require	alignment	of	the	output	to	the	symbol	sequence	for	training
– This	alignment	is	generally	not	given

• Training	can	be	performed	by	iteratively	estimating	the	alignment	by	Viterbi-decoding	and	
time-synchronous	training

• Alternately,	it	can	be	performed	by	optimizing	the	expected	error	over	all	possible	
alignments
– Posterior	probabilities	for	the	expectation	can	be	computed	using	the	forward	backward	algorithm
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Most	common	CTC	applications

• Speech	recognition
– Speech	in,		phoneme	sequence	out
– Speech	in,	character	sequence	(spelling	out)

• Handwriting	recognition
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